Abstract. In this paper, we investigate a stability problem for a functional equation
Introduction
In 1940, Ulam [9] proposed the stability problem of of the additive functional equation
f (x + y) − f (x) − f (y) = 0. (1) In 1941, Hyers [3] gave an affirmative answer to this problem between Banach spaces. Subsequently many mathematicians came to deal with this problem (cf. [1, 2, 8] ).
A solution of the functional equation (1) is called an additive mapping and a solution of the functional equation
is called a quadratic mapping. A mapping f is called a quadraticadditive mapping if f is represented by sum of a quadratic mapping and an additive mapping [6] . A functional equation is called a quadraticadditive type functional equation provided that each solution of that equation is a quadratic-additive mapping, and vice versa [6] . Now we consider the following functional equation
The mapping f : R → R defined by f (x) := ax 2 + bx is a solution of this functional equation, where a, b are real constants.
In this paper, we will show that every solution of functional equation (3) is a quadratic-additive mapping and we will prove the stability of functional equation (3) by using the direct method presented by Hyers in [3] . Namely, starting from the given mapping f that approximately satisfies the functional equation (3), a solution F of the functional equation (3) is explicitly constructed as either
which approximate the mapping f .
Preliminaries
Throughout this paper, let V and W be real vector spaces, let X be a normed space, and let Y be a Banach space. For a given mapping f : V → W , we use the following abbreviations for all x, y, z ∈ V . Now we will show that the functional equation (3) 
, and
Conversely, let f : V → W be a quadratic-additive mapping which is represented by f = g + h, where g is a quadratic mapping and h is an additive mapping. Because g : V → W is a quadratic mapping and h : V → W is an additive mapping, the equalities
Proof. For any x ∈ V \{0}, we get
Stability of a 3-Dimensional Quadratic-Additive Type Functional Equation 477
which implies that 
for all x ∈ V \{0}, and let f : V → Y be an arbitrarily given mapping.
If there exists a quadratic-additive mapping
for all x ∈ V \{0}, then F is a unique quadratic-additive mapping satisfying (6). 
If there exists a quadratic-additive mapping F : V → Y satisfying the inequality
for all x ∈ V \{0}, then F is a unique quadratic-additive mapping satisfying (8). 
Main results
for all x, y, z ∈ V \{0}. If a mapping f : V → Y satisfies f (0) = 0 and
for all x, y, z ∈ V \{0}, then there exists a unique quadratic-additive mapping
for all x ∈ V \{0}.
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Proof. It follows from (10) that
for all x ∈ V \{0} and m, n ∈ N ∪ {0}. So, it is easy to show that the sequence {
} is a Cauchy sequence for all
x ∈ V . Since Y is complete and f (0) = 0, the sequence {
Yang-Hi Lee for all x ∈ V . Moreover, if we put n = 0 and let m → ∞ in (12), we obtain the inequality (11). From the definition of F , we get
for all x, y, z ∈ V \{0} i.e, DF (x, y, z) = 0 holds for all x, y, z ∈ V by Lemma 2.2. By Lemma 2.1, F is a quadratic-additive mapping. In view of Lemma 2.3, there exists a unique quadratic-additive mapping F : V → Y satisfying the inequality (11), since the inequality
holds for all x ∈ V \{0}, where a = 2 and
for all x, y, z ∈ V \{0}. If a mapping f : V → Y satisfies f (0) = 0 and the inequality (10) for all x, y, z ∈ V \{0}, then there exists a unique quadratic-additive mapping F : V → Y satisfying
